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Extreme learning machine (ELM) has emerged as an efﬁcient and effective learning algorithm for classiﬁcation and regression tasks. Most of the existing research on the ELMs mainly focus on supervised
learning. Recently, researchers have extended ELMs for semi-supervised learning, in which they exploit
both the labeled and unlabeled data in order to enhance the learning performances. They have incorporated Laplacian regularization to determine the geometry of the underlying manifold. However,
Laplacian regularization lacks extrapolating power and biases the solution towards a constant function.
In this paper, we present a novel algorithm called Hessian semi-supervised ELM (HSS-ELM) to enhance
the semi-supervised learning of ELM. Unlike the Laplacian regularization, the Hessian regularization that
favors functions whose values vary linearly along the geodesic distance and preserves the local manifold
structure well. This leads to good extrapolating power. Furthermore, HSS-ELM maintains almost all the
advantages of the traditional ELM such as the signiﬁcant training efﬁciency and straight forward
implementation for multiclass classiﬁcation problems. The proposed algorithm is tested on publicly
available data sets. The experimental results demonstrate that our proposed algorithm is competitive
with the state-of-the-art semi-supervised learning algorithms in term of accuracy. Additionally, HSS-ELM
requires remarkably less training time compared to semi-supervised SVMs/regularized least-squares
methods.
& 2016 Elsevier B.V. All rights reserved.
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1. Introduction
The extreme learning machine (ELM) is a relatively new
training algorithm for a single-hidden layer feedforward network
(SLFN) that enables fast training of the network [1]. Many existing
SLFN algorithms such as the back-propagation algorithm [2] and
the Levenberg–Marquardt algorithm [3], utilize gradient descent
optimization to adjust the weights and biases of the neurons at
both the hidden and output layers of the network.
Support vector machine (SVM) is considered one of the most
successful algorithms for training SLFNs, which is a maximal
margin classiﬁer established under the framework of structural
risk minimization [4,5]. The formulation used in SVM can be
solved conveniently since the dual problem of SVM is a quadratic
programming. SVMs have been applied extensively in many
applications mainly due to simplicity and stable generalization
performances [6,7,8,9].
Recently, Huang et al. [1,10,11] proposed a new algorithm
termed as extreme learning machine (ELM) to train SLFNs. Unlike
the conventional approaches, ELM only needs to analytically
n
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calculate the output weights while the input weights and hidden
layer biases are randomly generated. Despite this simplicity,
however, ELM not only reaches the smallest training error, but also
the smallest norm of output weights that leads to a good generalization performance [12]. Recent research studies show that
ELM has comparable or even better performances in prediction
accuracy compared to SVM [10,11,13]. In recent years, many
extension of basic ELMs have been tailored for solving speciﬁc
problems, e.g. online sequential data [14,15,16], imbalanced data
[17,18] and noisy/missing data [19,20,21].
Most of the existing works in ELM mainly focus on supervised
learning that requires large number of labeled patterns for classiﬁcation and regression tasks. In practice, it is cumbersome to
collect a large amount of labeled data as it is both expensive and
time consuming. While, obtaining unlabeled data is both easier
and more cost effective. To circumvent the problem faced in
supervised learning, semi-supervised learning (SSL) algorithms
have been introduced. SSL algorithms take advantage of both
labeled and unlabeled data in order to improve the prediction
accuracy while saving the labor cost for annotating large amount
of label data [22,23].
Manifold regularization based approaches have been widely
applied in semi-supervised learning algorithms. Manifold regularization enhances the performances of semi-supervised learning by trying to explore the geometry of intrinsic data probability
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of distribution. One of the most popular manifold regularization is
the Laplacian regularization [24,25], in which it utilizes graph
Laplacian to determine the geometry of the underlying manifold.
Laplacian regularization has been implemented in various ﬁelds
such as in sparse coding [26,27], classiﬁcation [25,28] and feature
selection [29,30]. Recently, Laplacian regularization has been also
applied in ELM for semi-supervised learning tasks [31,32,33,34,35].
Although, semi-supervised learning methods based on Laplacian regularization produce good performance, they suffer from
few drawbacks. Its performance worsens when there are only few
labeled data available as it lacks extrapolating power. Furthermore,
it has been reported that Laplacian regularization biases the
solution towards a constant function due to its constant null space
and cannot preserve well the local topology [36].
In contrast, Hessian regularization has a richer null space and
can favor the learned functions whose values vary linearly along
the data manifold. Furthermore, it can exploit the intrinsic local
geometry of the data manifold well and has a better extrapolating
power [36,37,38,39]. Thus, Hessian regularization is more suited
for semi-supervised learning compared to Laplacian regularization. Hessian regularization has been extensively implemented in
many semi-supervised applications such as in kernel regression
[36], classiﬁcation [40,41,42], sparse coding [43,44] and feature
selection [45].
In this paper, we extend the ELM to handle semi-supervised
learning problems by introducing Hessian regularization into ELM.
Unlike the Laplacian regularization which was used in the previous
semi-supervised ELM algorithms, Hessian regularization favors
functions whose values vary linearly with respect to geodesic
distance and preserves the local manifold well. Therefore, Hessian
regularization enhances the performance of ELM in semisupervised learning. Furthermore, the proposed algorithm inherits the computational efﬁciency and learning capability of traditional ELM, especially for multiclass classiﬁcation problems. We
conducted several experiments using the standard data sets to
evaluate our algorithm against state-of-the-art semi-supervised
algorithms. The results show that the proposed algorithm is
competitive with other semi-supervised algorithms in terms of
accuracy and requires much less training time compared to semisupervised SVMs/regularized least-square based methods for
multiclass classiﬁcation problems.
This paper is organized as follows: Section 2 contains the
description of ELM, manifold regularization and semi-supervised
ELM (SS-ELM). In Section 3, we present our proposed framework
which consists of Hessian regularization and HSS-ELM formulation. Experimental results are presented in Section 4. Section 5
concludes the study.

2. Related work
In this section, we present a brief description of ELM, manifold
regularization and semi-supervised extreme learning (SS-ELM),
which are the underlying basis of our work.
2.1. ELM
We brieﬂy describe the ELM algorithm as proposed in Huang
et al. [1,10]. In a supervised learning, a training set with N samples
D
is denoted by fX; Tg ¼ fxi ; t i gN
i ¼ 1 , where xi A R . The corresponding
class labels are given by t i ¼ ½t i1 ; t i2 ; …; t iK  , where K represents the
number of classes. We set t ik ¼ 1 if xi belongs class k and t ik ¼ 0,
otherwise. We utilize training samples fX; Tg in order to train the
ELM. This SLFN consists of nD input neurons, nH hidden neurons
and nK output neurons.

Training of ELM is divided into two stages. In the ﬁrst stage, the
hidden layer is constructed by using a ﬁxed number of randomly
generated mapping neurons by using activation functions such as
Sigmoid function (1) and Gaussian function (2):
gðx; θÞ ¼

1
1 þ expð  ðaT x þbÞÞ

gðx; θÞ ¼ expð b J x a J Þ

ð1Þ
ð2Þ

where θ ¼ fa; bg are the parameters of the mapping function and
J  J represents the Euclidean norm.
These parameters are randomly generated using any continuous probability distribution, for example a uniform distribution of (  1,1). Since these parameters are randomly generated, the
output weights between the hidden and output neurons can be
analytically calculated. Therefore, ELM is considerably more efﬁcient than learning with back-propagation and training SVMs.
These hidden neurons map the input data into nH dimension of
random feature space, thus the network output is expressed as:
f ðxi Þ ¼ ϕðxi Þβ;

i ¼ 1; 2; …N

ð3Þ

where ϕðxi Þ A R1nH , output of hidden layer corresponding to
training vector xi and β A RnH nK , the output weights between the
hidden layer with the output layer.
In the next stage, ELM calculates the output weights by minimizing the norm of the output weights as follows:
min
n n

βAR

H

K

s:t:

N
1
CX
JβJ2 þ
Je J2
2
2i¼1 i

ϕðxi Þβ ¼ t Ti  eTi ;

i ¼ 1; 2; …N

ð4Þ

where ei A RnK denotes the error vector corresponding to xi and C
is a penalty function coefﬁcient on the training errors.
The unconstrained optimization formulation is obtained by
substituting the constraints into the objective function:
1
C
min LELM ¼ J β J 2 þ J T  Φβ J 2
2
2

β A RnH nK

ð5Þ

where Φ ¼ ½ϕðx1 ÞT ; ϕðx2 ÞT ; …; ϕðxN ÞT T A RNnH .
We set the gradient of LELM with respect β to zero to obtain the
following formulation:
∇LELM ¼ β þ C Φ ðT  ΦβÞ ¼ 0
T

ð6Þ

If the number of training samples is larger than the number of
hidden neurons, Eq. (6) will be overdetermined. In a such case, Φ
has more rows than columns and full column rank. Therefore, we
have a close-form solution for (5):


I
βn ¼ ΦT Φ þ nH ΦT T
ð7Þ
C
where I nH is an nH-by-nH identity matrix.
On the other hand, Φ will have more columns than rows if the
number of hidden neurons is larger than the number of training
samples, which might lead to an under-determined least-squares
problem. In such a case, the output weight β might have an inﬁnite
number of solutions.
In order to address this problem, β will be restricted to be a
T
linear combination of the rows of Φ: β ¼ Φ α, where α A RNnK
T
[33]. ΦΦ is invertible when Φ has more columns than rows and
T
full row rank. We multiply both side of ðΦΦ Þ  1 Φ to get:

α þ CðT  ΦΦT αÞ ¼ 0
This leads to:

1
I
βn ¼ ΦT αn ¼ ΦT ΦΦT þ N
T
C

ð8Þ

ð9Þ

where I N is an N-by-N identity matrix.
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Hence, we use (7) to calculate output weights when the
number of training sample is larger than the number of hidden
neurons, or otherwise (9) is used.
2.2. Manifold regularization
Two important assumptions are made to develop the semisupervised learning framework:

 Both labeled data X l and unlabeled data X u are drawn from the
same marginal distribution PX.

 The conditional probabilities of Pðyj x1 Þ and Pðyj x2 Þ should be
similar if points x1 and x2 are close to each other.
The second assumption is known as the smoothness assumption and is widely utilized in machine learning. By applying this
assumption on the data, the framework of the manifold regularization proposes to minimize the following objective function:
Lm ¼

1X
w J ðPðyj xi Þ  Pðyj xj ÞÞ J 2
2 i;j i;j

ð10Þ

where wij measures the similarity between two points xi and xj .
The similarity weight wij is usually deﬁned by the heat kernel
function exp ð  J xi  xj J 2 =2σ 2 Þ or ﬁxed to 1.
From (10), we can observe that Pðyj xÞ is required to vary
smoothly along the geodesics in PðxÞ since a small change in x will
penalize a large variation in the conditional probability of Pðyj xÞ.
We can approximate (10) to the following expression since its
cumbersome to compute Pðyj xÞ:
1
L^ m ¼
2

X
wij J y^i  y^ j J 2

ð11Þ

ij

where y^ i and y^ j are predicted labels of xi and xj .
Eq. (11) can be further simpliﬁed into a matrix form of:
L^ m ¼ TrðY^ LY^ Þ

ð12Þ

where TrðÞ represents the trace of a matrix. Graph Laplacian, L is
deﬁned by L ¼ D W , where D is a diagonal matrix with its
P
diagonal elements Dii ¼ lj þ¼u1 wij and similarity matrix, W ¼ ½wij .
We can also normalize the Laplacian by D  2 LD  2 and iterate it to
the degree of integer p based on some prior knowledge [46].
1

1

2.3. Semi-supervised extreme learning machine (SS-ELM)
In semi-supervised environment, we have only few labeled
data and plenty of unlabeled data. Denote fX; T g ¼ fxl ; t l gli ¼ 1 as
labeled data and fX u g ¼ fxu gui¼ 1 as unlabeled data, where l and u
are the number of labeled and unlabeled data.
Recently, Huang et al. [33] proposed a new semi-supervised
learning algorithm called as SS-ELM, which incorporates the graph
Laplacian into ELM to leverage the unlabeled data to improve the
classiﬁcation accuracy when labeled data is sparse. SS-ELM is
formulated as:
min
n n

βAR

H

s:t:

K

f i ¼ ϕðxi Þβ;

i ¼ 1; 2; …; l

i ¼ 1; 2; …; l þ u

In this section, we present our algorithm HSS-ELM in detail.
Our algorithm incorporates the Hessian energy as a regularizer
that takes account of local manifold structure of the data space.
3.1. Hessian regularization
We adopt the Hessian regularization proposed by Kim et al.
[36] into our semi-supervised extreme learning machine frame.
Given a smooth manifold M  Rn , we can deﬁne the tangent
space T x ðMÞ  Rn for point x A M. Let φðxi Þ ¼ f i be a mapping
function that produces the predictive label of xi , then Hessian
energy EH ðφÞ can be expressed as follows:
Z
J ∇a ∇b φ J 2T n M  T n M dVðxÞ
ð14Þ
E H ðφÞ ¼
x

M

x

where ∇a ∇b φ is the second covariant derivative of φ and dVðxÞ is
the natural volume element [47].
In a special coordinate system on M, the so-called normal
coordinates, the Hessian energy function (14) can be evaluated
quite easily. Normal coordinates at given point x are coordinates
on M such that the manifold looks as Euclidean as possible around
x. Thus, in normal coordinates xr is centered at x, we have:
 2 2
l
X
∂ φ
J ∇a ∇b φ J 2T n M  T n M ¼
ð15Þ
x
x
∂xr ∂xs
r;s ¼ 1
So that at a given point x, the norm of the second covariant
derivative is just the Frobenius norm of Hessian of φ in normal
coordinates.
Let N k ðxi Þ represent the set of k nearest neighbors of xi . In order
to estimate the local tangent space T nxi M (seen as an l-dimension
afﬁne space of Rd), we perform PCA on the points in Nðxi Þ, and then
the l leading eigenvectors correspond to an orthogonal basis of
T nxi M. Having the exact tangent space T nxi M, one can determine the
normal coordinates xr of a point xt A N k ðxi Þ ð1 r t r kÞ. Given the
function values φðxt Þ ¼ f t on N k ðxi Þ the Hessian of φ at xi can be
approximated as follows:

k
X
∂2 φ 
Z ðiÞ
ð16Þ
rst f t

∂xr ∂xs xi
t¼1
where Z ðiÞ
rst is a local Hessian operator of sample xi in the normal
coordinates xr of a point xt A Nk ðxi Þ and it can be computed by
ﬁtting a second-order polynomial using linear least squares.
Fitting a second-order polynomial q(x) in normal coordinates to
φðxt Þkt ¼ 1
qðiÞ ðxÞ ¼ φðxi Þ þ

l
X
r¼1

H r xr þ

l X
l
X

Nrs xr xs

ð17Þ

r ¼1s¼r

where the zeroth-order term is ﬁxed at φðxi Þ. In the limit as the
neighbor size tends to zero, qðiÞ ðxÞ becomes the second-order
Taylor expansion of φ around xi , that is:
Hr ¼

∂φ
jx ;
∂xr i

argmin
ð13Þ

ðl þ uÞðl þ uÞ

3. Proposed framework

N rs ¼

1 ∂2 φ
jx
2 ∂xr ∂xs i

ð18Þ

with N rs ¼ N sr . In order to ﬁt polynomial we use standard linear
least squares

l
1
1X
λ
JβJ2 þ
C J e J þ TrðF T LFÞ
2
2i¼1 i i
2

ϕðxi Þβ ¼ t Ti eTi ;

3

is built from the labeled
where the graph Laplacian, L A R
and unlabeled data and F A Rðl þ uÞnK is the matrix of the output
network with its ith row equal to f ðxi Þ. β A RnH nK represents the
output weights while λ is a tradeoff parameter.

vAR

P

k 
X

ðφðxt Þ  φðxi ÞÞ  ðΓ vÞt

2

ð19Þ

t¼1

where Γ A RkP is the design matrix with P ¼ l þ lðl þ 1Þ=2. The
corresponding basis function γ is monomial of the normal coordinates (centered xi ) of xt A N k ðxi Þ up to second order. The solution
þ
v A Rp is v ¼ Γ f , where f ¼ ðf 1 ; f 2 ; …; f k ÞT A R k and f t ¼ φðxt Þ with
þ
xt A Nk ðxi Þ and Γ denotes the pseudo-inverse of Γ.
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Note, that the last lðl þ1Þ=2 components of v correspond to
coefﬁcients Nrs of the polynomial (up to rescaling for the diagonal
components) and thus with Eq. (18), we obtain the desired Z ðiÞ
rst . Let
φðxα Þ ¼ f α , an estimate of the Frobenius norm of the Hessian of φ
at xi be given by:
!2
l
k
k
X
X
X
J ∇a ∇b φ J 2
Z ðiÞ
f
¼
f α f β H ðiÞ
ð20Þ
rsα α
α ;β
α¼1

r;s ¼ 1

H ðiÞ
α ;β

α ;β ¼ 1

Pl

ðiÞ ðiÞ
r;s ¼ 1 Z rsα Z rsβ

¼
where
approximated as:
E^ H ðφÞ ¼

n
X

X

X

and ﬁnally the Hessian energy can be

T
f α f β H ðiÞ
αβ ¼ F HF

If the number of data is less than the number of hidden nodes, we
can write the alternative solution for HSS-ELM as:

βn ¼ ΦT ðI l þ u þ C ΦΦT þ λH ΦΦT Þ  1 CT

ð26Þ

where I l þ u is an ðl þuÞ-by-ðl þuÞ identity matrix.
By observing (25) and (26), setting λ ¼0 and the diagonal
matrix of Ci to a same constant, HSS-ELM solutions are reduced to
a traditional ELM, which are expressed in (7) and (9). The detailed
procedure of HSS-ELM is stated in Algorithm 1.
Regarding the time complexity of the proposed algorithm, we
have two the following cases:

ð21Þ

 When the number of data is larger than the number of hidden

P
where H ¼ ni¼ 1 H ðiÞ and n is the number of training data.
Hessian regularizer favors functions whose values vary linearly
along the geodesic distance and it preserves the local manifold
structure better compared to Laplacian regularizer. Hence, we
incorporate Hessian regularizer into our framework to enhance
the performance of semi-supervised learning.

nodes, HSS-ELM solution is given in (25). One needs to calculate
the Hessian regularization matrix H ﬁrst, having the time
complexity of OðDN 2 Þ, where N is the number of data and D is
the dimensionality of the data. Subsequently, a matrix inversion
and three matrix multiplication steps having the time complexity of Oðn3H þ nH N 2 Þ are required. Keeping only the higher order
terms, the time complexity of (25) is equal to OðN 3 þ nH N 2 Þ
When the number of hidden nodes is larger than the number of
data, HSS-ELM solution is given in (26). As in the previous case,
the Hessian matrix, H needs to be computed which requires a
time complexity of OðDN 2 Þ. Afterwards, a matrix inversion and
three matrix multiplication steps having time complexity of Oð
N 3 þnH N 2 Þ are required. Keeping only the higher order terms,
the time complexity of (26) is equal to OðN 3 þ nH N 2 Þ.

i ¼ 1 α A N k ðxi Þβ A Nk ðxi Þ

3.2. HSS-ELM formulation
Following the framework of SS-ELM [33], we present our
algorithm HSS-ELM based on Hessian regularization for semisupervised learning. By modifying the formulation of SS-ELM, we
can write the HSS-ELM objective function as:
argmin

βAR

nH nK

l
1
1X
λ
¼ JβJ2 þ
C J e J 2 þ TrðF T HFÞ
2
2i¼1 i i
2

ϕðxi Þβ ¼ t Ti  eTi ; i ¼ 1; 2; …; l
f i ¼ ϕðxi Þβ i ¼ 1; 2; …; l þ u

Algorithm 1. HSS-ELM algorithm.
Input:

s:t:

ð22Þ

where H A Rðl þ uÞðl þ uÞ is the Hessian operator derived from both
labeled and unlabeled data. F A Rðl þ uÞnK is the matrix of output
network with its ith row equal to f ðxi Þ. β A RnH nK represents the
output weights while λ is a tradeoff parameter. In this paper, we
utilize different coefﬁcient Ci on the prediction errors for each
sample from different classes similar to the works of Zong et al.
[17] and Huang et al. [33]. As reported in Huang et al. [33], the
authors found that in a skewed data set, certain classes might have
more training data compared to other classes, which can lead to
poor generalization. Thus, we compute the penalty coefﬁcient as
C i ¼ C 0 =Nt i , where N t i is the number of training samples in class ti
(if training sample xi belongs to class ti) and C0 is the user-deﬁned
parameter as in ELM [17,33]. This computation method ascertains
that the algorithm will not overﬁt the training samples from
dominant classes and at the same time does not neglect the
classes with less samples.
By substituting the constraints into the objective function, we
can re-write (22) as:
argmin

βAR

nH nK

1
1 1
λ
T
T
¼ J β J 2 þ J C 2 ðT  ΦβÞ J 2 þ Trðβ Φ H ΦβÞ
2
2
2

ð23Þ

where T A Rðl þ uÞnK is the training target, whose ﬁrst l rows are
equal to Tl and the remaining rows are set to 0. C is a diagonal
matrix of ðl þ uÞ  ðl þ uÞ where its ﬁrst l diagonal elements ½Cii ¼ C i
and the remaining diagonal elements are set to 0.
Then, the gradient of the objective function (23) is computed to
give:
∇LHSS  ELM ¼ β þ Φ CðT  ΦβÞ þ λΦ H Φβ
T

T

ð24Þ

By setting the gradient to zero, the solution of HSS-ELM can be
expressed as:

βn ¼ ðI nh þ ΦT C Φ þ λΦT H ΦÞ  1 ΦT CT



ð25Þ

Labeled data, fX l ; T l g ¼ fxi ; t i gli ¼ 1
Unlabeled data fX u g ¼ fxgui¼ 1
Output:
The mapping function of HSS-ELM: f : RnD -RnK
Step 1: Compute the Hessian operator, H from both labeled and
unlabeled data
Step 2: Set up an ELM network of nH hidden neurons with
random input weights and biases
Step 3: Compute the output of the hidden neurons,

Φ A Rðl þ uÞnH
Step 4:
if nH r N then
Compute output weights β using (25)
else
Compute output weights β using (26)
Return The mapping function f ðxÞ ¼ ΦðxÞβ

4. Experimental results
In this section, we present the results of the experiments
conducted to evaluate the performance of our proposed algorithm
against the state-of-the-art semi-supervised algorithms such as
the transductive SVM (TSVM) [48], LapSVM [25], LapRLS [25],
HesSVM [40] and SS-ELM [33].
4.1. Data sets and experiment setup
We implement these algorithms on ﬁve standard data sets that
are widely used for semi-supervised algorithm evaluation. These
data sets are described as follows:

 The G50C is an artiﬁcial binary data set, where each class is
generated from two unit covariance normal distribution with
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equal probabilities. The class means are modiﬁed so that the
true Bayes error is 5%.
The Columbia object image library (COIL20) is a set of 1440
gray-scale images of 20 different objects. Each sample represents a 32  32 gray scale image of an object acquired from a
speciﬁc view. The COIL20(B) is a binary data set generated by
grouping the ﬁrst 10 objects in COIL20 to class 1 and the
remaining objects to class 2.
The USPST data set is a collection of hand-written digits from
the USPS postal system. Each digit image is represented by a
resolution of 16  16 pixels. The USPST(B) is a binary data set
which was built by grouping the ﬁrst 5 digits to class 1 and the
remaining digits to class 2.

We followed the same experimental protocol as reported in
Melacci and Belkin [28] and Huang et al. [33] in order to evaluate
these semi-supervised algorithms. Speciﬁcally, we performed a 4fold cross-validation on each data set, in which one of the 4-folds
was used for testing (denoted as T) and the remaining folds were
used for training. The training set was further divided into labeled
data (L), unlabeled data (U) and validation data (V). We use the
validation data (V) only for ﬁne-tuning the hyperparameters of the
Table 1
Description of the data sets.
Data sets

j Lj

j Uj

jVj

jTj

G50C
COIL20(B)
USPST(B)
COIL20
USPST

50
40
50
40
50

314
1000
1409
1000
1409

50
50
50
50
50

136
360
498
360
498

Table 2
Training times (seconds) for LapRLS, LapSVM, SS-ELM and HSS-ELM.
Data set

G50C
COIL20(B)
USPST(B)
COIL20
USPST

LapRLS

0.367
1.061
0.915
11.938
15.483

LapSVM

0.381
1.015
1.109
11.213
16.635

HesSVM

0.426
1.205
1.275
12.877
17.512

SS-ELM

HSS-ELM

N r nH

N Z nH

N r nH

N Z nH

0.253
1.127
1.051
1.263
1.089

0.173
0.285
0.702
0.527
0.474

0.358
1.325
1.383
2.416
1.624

0.235
0.495
0.787
0.764
0.618

5

classiﬁer such as C and λ for the HSS-ELM algorithm. We repeated
this random fold generation 3-times, resulting in a total of 12splits. The details of the data sets are shown in Table 1.
The sigmoid activation function was used as the non-linear
mapping for HSS-ELM. A uniform distribution of ð  1; 1Þ was utilized to generate the input weights and biases for HSS-ELM algorithm. The number of hidden neurons nH was set to 1000 for the
G50C data set and 2000 for the remaining data sets. The hyperparameters C and λ were chosen from an exponential sequence of
f10  6 ; 10  5 ; …; 106 g based on the validation errors.

4.2. Computational complexity analysis
Table 2 shows the training time for HSS-ELM, SS-ELM, LapRLS,
LapSVM and HesSVM. These algorithms were implemented using
Matlab R2012a on a 2.9 GHz machine with 8 GB memory. For both
SS-ELM and HSS-ELM, we have considered for both cases when
N r nH and N Z nH , where N is the number of data and nH is the
number of hidden nodes. In the case when N rnH , nH was set to
1000 for G50C data set while for the remaining four data sets, it
was set to 2000. On the other hand, for the case when N Z nH , we
have set nH to 100 for G50C and 500 for the rest of the four
data sets.
For the case when N r nH , the training times of HSS-ELM are
slower when compared to SS-ELM, LapSVM, LapRLS and HesSVM
for all binary data sets except for G50C. HesSVM achieved the
slowest training time for G50C data set. This is due to the computation of the Hessian operator H in both HSS-ELM and HesSVM
that takes a longer time to compute than the Laplacian L operator
in LapRLS, LapSVM and SS-ELM. However, for the case when
N Z nH , HSS-ELM takes lesser training time when compared to
LapRLS, LapSVM and HesSVM.
In the case of multiclass data sets of COIL20 and USPST, training
times of both ELM-based classiﬁers, SS-ELM and HSS-ELM are
much faster than LapRLS, LapSVM and HesSVM for both cases. As
expected, ELM-based classiﬁers are usually more computationally
efﬁcient than the SVM-based classiﬁers for multi-class classiﬁcation [10,33]. However, HSS-ELM takes longer training time than
SS-ELM for multiclass data sets due to the computation complexity
of the Hessian operator.

Table 3
Performance comparison of the HSS-ELM algorithm with pure supervised algorithms and semi-supervised algorithms.
Data sets

Subset

SVM

ELM

TSVM

LapRLS

LapSVM

SS-ELM

HesSVM

HSS-ELM

G50C

U
V
T

9:33 7 2:00
9:83 7 3:46
10:06 7 2:80

8:91 7 2:29
8:20 7 3:05
9:20 7 2:07

5:437 1:11
4:677 1:81
4:967 1:37

6:037 1:32
6:177 3:66
6:547 2:11

5:52 7 1:15
5:67 7 2:67
5:51 7 1:65

5:24 7 1:17
4:07 7 0:95
4:96 7 1:53

5:23 7 1:07
4:00 7 2:31
4:54 7 1:34

5:05 7 0:62
3:67 7 1:27
4:15 7 0:76

COIL20

U
V
T

16:23 7 2:63
18:54 7 6:20
15:93 7 3:00

11:28 7 1:95
11:30 7 2:29
12:22 7 2:00

13:687 3:09
12:257 3:99
15:197 2:52

8:077 2:05
7:927 3:96
8:597 1:90

8:31 7 2:19
8:13 7 4:01
8:68 7 2:04

6:04 7 1:26
5:95 7 1:68
7:33 7 2:15

5:83 7 0:71
5:50 7 2:23
6:19 7 0:49

5:55 7 1:01
4:20 7 1:51
5:86 7 1:54

USPST(B)

U
V
T

17:00 7 2:74
18:17 7 5:94
17:10 7 3:21

17:49 7 2:44
17:40 7 2:01
17:98 7 2:86

22:757 2:68
21:407 3:78
22:067 2:52

8:877 1:88
10:177 4:55
9:427 2:51

8:84 7 2:20
8:67 7 4:38
9:68 7 2:48

9:24 7 2:79
9:40 7 2:07
10:98 7 2:99

8:36 7 0:40
8:67 7 0:94
9:24 7 0:62

9:13 7 1:51
8:80 7 0:44
9:83 7 1:64

COIL20

U
V
T

29:49 7 2:24
31:46 7 7:79
28:98 7 2:74

29:23 7 1:68
29:25 7 2:81
29:19 7 3:61

24:617 3:16
21:257 3:63
23:837 3:61

10:357 2:30
9:797 4:94
11:307 2:17

10:51 7 2:06
9:79 7 4:94
11:44 7 2:39

10:92 7 2:05
10:75 7 3:02
11:16 7 2:39

10:37 7 0:55
9:50 7 0:92
10:31 7 0:35

10:34 7 1:39
8:75 7 1:76
10:19 7 1:83

USPST

U
V
T

23:84 7 3:26
24:67 7 4:54
23:60 7 2:32

23:91 7 2:36
24:00 7 2:33
23:85 7 2:71

18:927 2:81
17:537 4:29
18:927 3:19

15:127 2:90
14:677 3:94
16:447 3:53

14:36 7 2:55
15:17 7 4:04
14:91 7 2:83

13:51 7 1:89
13:47 7 2:65
13:85 7 2:41

13:22 7 1:51
14:75 7 0:71
13:81 7 1:39

13:20 7 1:43
12:83 7 1:76
13:78 7 1:11
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Fig. 1. Testing error with different number of labeled data: (a) G50C; (b) COIL20(B); and (c) USPST(B) and testing error with different number of unlabeled data: (d) G50C;
(e) COIL20(B); and (f) USPST(B).

4.3. Performance comparison with related algorithms
The performance of our proposed algorithm on these selected
data sets was compared with two supervised algorithms and ﬁve
state-of-the-art semi-supervised algorithms. Two supervised
algorithms, ELM and SVM were included as the baseline classiﬁers.
The following semi-supervised algorithms were used: TSVM,
LapRLS, LapSVM, HesSVM and HSS-ELM. We used the classiﬁcation
error rate (7 standard deviation) on unlabeled set ðUÞ, validation
set ðVÞ and test set ðTÞ to evaluate the performances of these
algorithms. Table 3 shows the results for these algorithms. The

results for ELM, SVM, TSVM, LapRLS, LapSVM and SS-ELM were
obtained from Huang et al. [33].
4.3.1. Comparison between the proposed algorithm and supervised
algorithms
Our proposed method was compared with two supervised
algorithms, ELM and SVM. From Table 3, the results show that
HSS-ELM performs better than SVM and ELM for all data sets.
These results demonstrate that the proposed algorithm is able to
efﬁciently leverage the unlabeled data to yield a better performance when compared to supervised algorithms such as SVM and
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ELM. For example, the test error obtained using HSS-ELM is 4.15%
while the test errors for ELM and SVM are 9.20% and 10.06%
respectively for the G50C data set.
4.3.2. Comparison between the proposed algorithm and semisupervised algorithms
The proposed method was compared with ﬁve semi-supervised
algorithms. The results in Table 3 show that our proposed algorithm performed better than the other semi-supervised algorithms for all data sets except for USPST(B). For the USPST(B) data
set, HesSVM gave the lowest classiﬁcation error for unlabeled set,
validation set and test set.
Table 3 also reveals that HSS-ELM performed better than SSELM for all data sets. These results indicate that Hessian regularization favors functions whose values vary linearly with respect to
geodesic distances and it preserves the local manifold structure
better than Laplacian regularization, hence it can boost ELMs
semi-supervised learning performances.
4.4. Performance with different number of labeled and unlabeled
training data
In this section, the performances of HSS-ELM, SS-ELM and ELM
using different numbers of label and unlabeled data are investigated. Fig. 1(a), (b) and (c) shows the performances of these
algorithms on G50C, COIL20(B) and USPST(B) with different
number of labeled data respectively. Using the same experimental
setup as reported in Huang et al. [33], we varied the proportion of
the labeled and unlabeled data in the training set. From Fig. 1, it
can be seen that HSS-ELM performed better than SS-ELM and ELM
when a small amount of labeled data were used in the experiments. This shows that Hessian regularization based approaches
are better than Laplacian regularization based approaches when
the number of labeled data is small.
The performances of HSS-ELM, SS-ELM and ELM with different
numbers of unlabeled data are shown in Fig. 1(d), (e) and
(f) respectively. Again, using the same experimental protocol as in
[33], we incrementally added the unlabeled samples to the unlabeled set ðUÞ in increments of 10%, while the labeled set ðLÞ, test set
ðTÞ and validation set ðVÞ remained unchanged. From Fig. 1(d)–(f),
it can observed that the test error drops signiﬁcantly when more
unlabeled samples are added to the unlabeled set ðUÞ. Even
without any labeled data, HSS-ELM performed better than ELM.
This phenomenon is consistent with Belkin et al. [25], where
manifold regularization is also effective for pure supervised
learning.

5. Conclusion
In this paper, we proposed a new algorithm called HSS-ELM,
where the traditional ELM was extended for semi-supervised
learning. We have incorporated Hessian regularization into ELM,
which has more favorable properties for semi-supervised learning
than Laplacian regularization. The Hessian regularization allows
functions that extrapolate, i.e. functions whose values are not
limited to the range of the training output. This extrapolation
ability leads to signiﬁcant improvement on performance especially
when only few labeled data are available. Additionally, the proposed algorithm inherits almost all the advantages of ELM such as
the exceptional training efﬁciency and a straight forward implementation for multiclass classiﬁcation problems. Experimental
results show that HSS-ELM is competitive with other state-of-theart semi-supervised algorithms and it requires signiﬁcantly less
training time when compared to LapRLS, LapSVM and HesSVM on
the multiclass classiﬁcation problems. Our proposed algorithm can
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easily be applied for pattern recognition tasks such as human
action recognition, image annotation and speech recognition that
require a semi-supervised learning algorithm.
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